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Abstract

We prove convergence of a distributed gradient
rrojection method for optimal routing in a data communi-
cation network. The analysis is carried out without any
synchronization assumptions and takes into account the
possibility of transients caused by updates in the
routing strategy being used.

1. INTRODUCTION
The most popular formulation of the optimal distri-

buted routing problem in a data network is based on a
multicommodity flow optimization whereby a separable
objective function of the form

z o))
(i,3)
3

’
[2] ’
Here (i,j) denotes a generic directed

is minimized with respect to the flow variables Fr
subject to multicommodity flow constraints ([11],
[31, [121).

network link, and P is a strictly convex differenti-

able, increasing function of FJ which represents in
turn the total traffic arrival rate on link (i,3)
measured for example in packets or bits per second.

We want to find a routing that minimizes. this
objective. By a routing we mean a set of active paths
for each origin-destination (OD) pair (set of paths
carrying some traffic of that OD pair), together with
the fraction of total traffic of the OD pair routed
along each active path.

A typical example of a distributed routing algorithm
operates roughly as follows:

The total link arrival rates F*7  are measured
by time averaging over a period of time, and are
communicated to all network nodes. Upon reception of
these measured rates each node updates the part of the
routing dealing with traffic originating at that node.
The updating method is based on some rule, e.g. a
shortest path method [2], [4], or an iterative
optimization algorithm [1], [5], [6].

There are a number of variations of this idea - for
example some relevant function of F!J may be measured in
place of FiJ, or a somewhat different type of routing
policy may be used, but these will not concern us for
the time being. The preceding algorithm is used in this
paper as an example which is interesting in its own
right but also involves ideas that are common to other
types of routing algorithms.

Most of the existing analysis of distribution
routing algorithms such as the one above is predicated

* Work supported by DARPA under Contract No. ONR-NOOO14-
75-C-1183 and an IBM Faculty Development Award.

on several assumptions that are to some extent violated
in practice. These are:

a) The quasistatic assumption, i.e. the external traffic
arrival rate for each OD pair is constant over time.
This assumption is approximately valid when there is a
large number of user-pair conversations associated with
each OD pair, and each of these conversations has an
arrival rate that is small relative to the total arrival
rate for the OD pair (i.e. a "many small users" as-
sumption). An asymptotic analysis of the effect of
violation of this assumption on the stationary character
of the external traffic arrival rates is given in [7].

b) The fast setting time assumption, i.e. transients
in the flows F*J due to changes in routing are negligi-
ble. In other words once the routing is updated, the
flows F1J settle to their new values within time which
is very small relative to the time between routing
updates. This assumption is typically valid in datagram
networks but less so in virtual circuit networks where,
existing virtual circuits may not be rerouted after a
routing update. When this assumption is violated, link
flow measurements F1J reflect a dependence not just on
the current routing but also on possibly several past
routings. A seemingly good model is to represent each
FlJ as a convex combination of the rates of arrival

at (i,j) corresponding to two or more past routing
updates.

c) The synchronous update assumption, i.e. all link
rates F1J are measured simultaneously, and are received
simultaneously at all network nodes who in turn
simultaneously carry out a routing update. However,
there may be technical reasons (such as software com-
plexity) that argue against enforcing a synchronous up-
date protocol. For example the distributed routing
algorithm of the ARPANET [4] is not operated synchro-
nously.

In this paper we show that projection methods, one
of the most interesting class of algorithms for dis-
tributed optimal routing, are valid even if the settling
time and synchronous update assumption are violated to
a considerable extent. Even though we retain the
quasistatic assumption in our analysis we conjecture
that the result of this paper can be generalized along
the lines of another related study [7] whereby it is
shown that a routing algorithm based on a shortest path
rule converges to a neighborhood of the optimum. The
size of this neighborhood depends on the extent of
violation of the quasistatic assumption. A similar
deviation from optimality can be caused by errors in
the measurement of Fij. 1In our analysis these errors
are neglected.

In the next section we provide some background on
distributed asynchronous algorithms and discuss the
relation of the result of the present paper with earlier

analyses. In section 3 we formulate our class of
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distributed asynchronous routing algorithms, while
Section 4 provides convergence analysis.

II. ASYNCHRONOUS OPTIMIZATION ALGORITHMS

We provide here a brief discussion of the currently
available theory and tools of analysis af asynchronous
distributed algorithms. In a typical such algorithm
(aimed at solving an optimization problem) each proces-—
sor i has in its memory a vector x* which may be inter-
preted as an estimate of an optimal solution. Each
processor obtains measurements, performs computations
and updates some of the components of its vector.
Concerning the other components, it relies entirely on
messages received from other processors. We are mainly
interested in the case where minimal assumptions are
placed on the orderliness of message exchanges.

There are two distinct approaches for analyzing
algorithmic convergence. The first approach is o
essentially a generalization of the Lyapunov function
method for proving convergence of centralized iterative
processes. The idea here is that, no matter what the
precise sequence of message exchanges is, each update by
any processor brings its vector x1 closer to the opti-
mum in some sense. This approach applies primarily to
problems involving monotone or contraction mappings
with respect to a "sup"-norm (e.g. a distributed
shortest path algorithm) [859]; it is only required
that each processor communicates to every other proces-
sor an infinite number of times.

The second approach is based on the idea that if
the processors communicate fast enough relative to the
speed of convergence of the computation, then the
evolution of their solution estimates x* may be (up to
first order in the step-size used) the same as if all
processors were communicating to each other at each
time instance [10,11]. The latter case is, however,
mathematically equivalent to a centralized (synchronous)
algorithm for which there is an abundance of techniques
and results. Notice that in this approach, slightly
stronger assumptions are placed on the nature of the
communication process than in the first one. This is
compensated by the-fact that the corresponding method
of analysis applies to broader classes of algorithms.

Unfortunately, the results available cannot be
directly applied to the routing problem studied in this
paper and a new proof is required. A main reason is
that earlier results concern algorithms for uncon-
strained optimization. In the routing problem, the
non-negativity and the conservation of flow introduce
inequality and equality constraints. While equality
constraints could be taken care by eliminating some of
the variables, inequality constraints must be explicit-
ly taken into account. Another difference arises be-
cause, in the routing algorithm, optimization is carried
out with respect to path flow variables, whereas the
messages being broadcast contain estimates of the link
flows (see next section). In earlier results the
variables being communicated were assumed to be the
same as the variables being optimized.

III. THE ROUTING MODEL

We present here our basic assumptions, our nota-
tion and a simple model by which the nodes in a com-
munication network may adjust the routing of the flow
through that network.

We are given anetwork described by a directed -
graph G = (V,E). (V is the set of nodes, E the set of
directed links. For each pair w = (i,j) of distinct
nodes i and j (also called an origin-destination, or
OD, pair) we introduce P _, a set of directed paths from
i to j, containing no loops. (These are the candidate

paths for carrying the flow from i to j.) For each OD
pair w = (i,j), let r, be the total arrival rate (at
node i) of traffic that has to be sent to node j
(measured, for example, in packets or bits per second).
For each path p € P, we denote by Xy, the amount of
flow which is routed through path p. Naturally, we have
the constraints

xw,p Z o, ¥p € Pw, Yw, (3.1)
z X, P =T . Yw. (3.2)
P€Pw

Let us define a vector X, with components X, o0 pePw.

Constraints (3.1), (3.2) may be written compéctly as
X € G , where G_ 1is a simplex (in particular, G _ is
compac¥ and convex). v
Suppose that there is a total of M OD pairs and let
us index them so that the variable w takes values in
{1,...,M}. Then, the totality of flows through the
network may be described by a vector x = (x ,...,XM).
Naturally, x is subject to the constraint
X € Glx...xGM = G.

For any link (i,j) in the network, let Fl] denote
the corresponding traffic arrival rate at that link.
Clearly,

Fl= 1 I o - (3.3)
w=1 pePw
(i,3)€p :

A cost function, corresponding to some measure of con-
gestion through the network, is introduced. We assume
the separable form

p= I DYEFI.
(i,j)€e

(3.4)

We assume that for each link (i,j) € E, ] is convex,
continuously differentiable and has a Lipschitz
continuous derivative.

We are interested in the case where the nodes in
the network adjust the path routing variables x so
as to minimize (3.4). Since a set of path flow
variables {x__:pep_, we{l,... ,M}} determines uniquely
the link flow variables Fij (through (3.3)), it is
more convenient to express the cost function in terms
of the path flow variables. We are thus led to the
cost function

’

pix) = I b, (3.5)
(i,j)€E
where
ot x) =T (<o, x> (3.6)

and e') is a vector with entries in {0,1}, determined
by (3.3). Clearly, D*J inherits the convexity and
smoothness properties of D*J,

Let us ~now consider the situation where the flows
change slowly with time, due to re-routing decisions
made by the nodes in the network. Accordingly, the
flows at time n are described by a vector x(n) =
(xq(n),...,xy(n)) € G. TLet us assume that the routing
decisions for the flow corresponding to a particular
OD pair w = (i,j) are made by the origin node i. 1In
an ideal situation, node i would have access to the
exact value of x(n) and perform the update




xw(n+l) = [x (n) - YH, 8 (x(n))] (3.7)

(Here Y is a positive scalar step-size, U a positive
scaling constant and [-1% denotes the projection on

G with respect to the Euclidean norm.) In a practical
situation, however, (3.7) is bound to be unrealistic
for several reasons:

(1) It assumes perfect synchronization of all origin
nodes.
(ii) It assumes that x(n) (or, equivalently, the link

flows F1J(n) at time n) may be measured exactly at time
n.

(iii) Even if the origin node i is able to compute

x (n+l) exactly through (3.7), the actual flows through
the network, at time n+l, will be different from the
computed ones, unless the settling time is negligible.
The above necessitate the development of a more
realistic model, which is done below.

First, because of remark (iii) we will differentiate
between the actual flows through the network (denoted
by x(n), x (n), etc.) and the desired flows, as de-
termined by the computations of some node; the latter
w1ll be denoted by x(n) and'x (n). The routing de-

isions of some node at time n are determined by the
desired flows x (n). However, due to transients,
each component Xy, (n) of the actual flow x(n) will
have some value begween X, (n) and X, _(n-1). Simi-
larly, Xy, (n-1) will be a convex comblgatlon of .
xw (n-1) and Xy,p (n-2) . Repeating this procedure, we
conclude that X (n) is in the convex hull of
0, x (1) ,5...x (n). For n large enough,
(0) shougd have neqilglble influence on x (n) and
w1i be ignored for convenience. We may thus &onclude

W P

that there exist nonnegative coefficients o, (n;k)
such that
Eoc p(zi;k) =1, ¥n,w,pep , (3.8)
k=1
n —
(n} = kil p(n:k)xw’p k), Vn,W,pGPw. (3.9)
It seems realistic to assume that if ;Q P(k) is held

constant, say equal to X, the actual flows x(n) should
settle to x at a geometric rate. Accordingly:

Assumption: There exist constant B>0, B€[0,1) such that

Vn,k,w,pePw. (3.10)

; n-k
[} ;k) <B
w'p(n ) <BB
Concerning the computation of the desired flows we
postulate an update rule of the form (cf. (3.7)).

- - +
xw(n+l) = [xw(n)-Yuwa(n)] (3.11)

Here kw(n) is some estimate of z— 3

(x(n))

general, inexact due to asynchronlsm and delays in ob-
taining measurements. However, it would be unnatural
to assume that the computation (3.11) is carried out at
each time instance for each OD pair. We therefore
define a set T of times_for which (3.11) is used.
all n€T,, we simply let X, (n+1) = x (n). We only
assume that the time between consecutive updates
(equivalently, the difference of consecutlve elements
of T ) is bounded, for each w.

which is, in

For

We now describe the process by which K (n) is
formed.

For each link (i,j), node i estimates from time to
time the amount of traffic through that link. Practi-
cally, these estimates do not correspond to instantane-
ous measurements but to an average of a set of measure-
ments obtained over some period of time. Accordingly,
at each time n, node i has available an estimate

L n - ‘.

7] (n) = z CJ'J (n;m) Fl:l (m)

m=n-Q

(3.12)

Here, clj(n;m) are nonnegative scalars summing to one
(for fixed n), and Q is a bound on the time over which
measurements are averaged plus the time between the
computation of consecutive estimates of the flow. These
estimates are broadcast from time to time (asynchronous-
ly and possibly with some variable delay). Let us as-
sume that the time between consecutive broadcasts plus
the communication delay until the broadcasted messages
reach all nodes is bounded by scme T. It follows that
at time n each node k knows the value of FiJ(m ), for
some with n-T<m <n. Combining this observatIon with
(3.12) we conclude that at time n, each node k knows
an estimate ?ij(n) satisfying

?}J(n) =

at i P (m) (3.13)
K —~ X

where C=T+Q and J'j(n;m) are (unknown) nonnegative co-
efficients summing to one, for fixed n.

For each OD pair w, the corresponding origin node
(let us denote it by k) uses the values of ?11(n) to

form an estimate A (n) of =— BD

(x(n)) as follows. Note

that
’ ot i e

i3 == @), if G.iep
gD xm) ={ °F (3.14)

wop Q, otherwise.
Accordingly, a natural estimate.is given (componentwise)
by:

5547 i
Aw,p(n) = z " (Fk (n)) . (3.15)

(i,j)ep 3F+)

The development of our model is now complete. To
summarize, the basic equation is (3.11), where x(n) is
detexmined by (3.9), X (n) is determined by (3.15),

F j(n) is given by (3. 13) and FiJ is related to x by
(3.3).

Let us close this section with a remark. A distri-
buted version of the Bellman algorithm for shortest
paths has been shown to converge appropriately [8],

[9] even if the time between consecutive broadcasts

is unbounded. In our model however, we have to assume
boundedness because otherwise there are examples that
demonstrate that convergence is not guaranteed. Of
course such an assumption is always observed in practice.

A simple example is the following: consider the
network of Figure 1. There are three origin nodes (nodes
1,2, and 3), with input arrival rate equal to 1 at each
one of them, and a single destination node (node 6).

For each OD pair there are two paths. For each origin




node i, let x, denote the flow routed through the path
containing node 4. _Let DlJ(FlJ) = (Fid)2 for (i,j) =
(4,6) or (5,6) and Did(rid) = 0 for all other links.

In terms of the variables Xye X0 Kgy the cost becomes

2
+ (3—xl-x -x3) . (3.16)

2
D(x, ,x 1Xq ) = (x,+x +x3) 5

1772 172

We assume that the settling time is zero, so that we do
not need to distinguish between actual and desired
flows, and that each node i (i=1,2,3) knows X, exactly
and is able to transmit its value 1nstantaneously to
the remaining origin nodes. Suppose that initially

x1=x2=x3=1 and that each origin node executes a large

number of gradient projection iterations with a small
stepsize before communicating the current value of x,
to the other nodes. Then, effectively, node i solves
the problem
min {(x;+2)° + (1-x)°}
o<k, <1 ¢

theréby obtaining the value x,=0. At that point the
processors broadcast their cu¥rent values of x,. If
this sequence of events is repeated, each x, will be-~
come again equal to 1. So, ,x,) oscillates
between (0,0,0) and (1,1,1) WL%hout ever converging to
an optimal routing. The same behavior is also observed
if the cost functign (3.16) is modified by adding a

term E(xf + xi + xi), which makes it strictly convex,

as long as 0<e<<1. -

IV. RESULT AND CONVERGENCE PROOF

Theorem: With the algorithm and the assumptions intro-
duced in the last section and provided that the step-
size Yy is chosen small enough, D(x(n)) converges to

min D(x) and any limit point of {x(n)} is a minimizing
XEG _

point. Moreover, x(n)-x(n) converges to zero. Finally,
if each D is strictly convex (as a function of the
link flow FiJ) and if, for each OD pair w=(i,j), P
contains all paths from i to j, then the link flows
F1J(n) converge to their (unique) optimal values.

denote projection on a convex set G r"
Then,

Lemma: Let [-]7

Assume that 0€G.

+
[]2, va e R".

<a,fal™> > || (a] (4.1)

Proof: TIf a€G, [a]+ = a and (4.1) holds trivially. So,
let us assume that [a]t & G and form a triangle with
vertices at the points a, [a]+ and the origin, denoted
by A,B,0, respectively (see Figure 2). Let G, be the
intersection of G with the plane defined by tgat tri-
angle. Let us draw the normal to AB through point B.
This line is a supporting hyperplane for Gg. Therefore,
0 and A lie at different sides of that line: hence the
angle OBA is larger than 90 degrees. Let us now draw
the normal to OB through B. It must intersect the
segment OA at some point C, because, < OBA > 90-.

Hence, -

+i12 >0 2
[1ta1”]|* = |loB|[© = <oB,0c> < <0B,0A> = <a,[a]™>.
By translating the origin to an arbitrary point x, (4.1)
becomes:
<a, [xtal’-x> > ||(x+al®-x||?, xec, aem®. (4.2)

Proof of the Theorem: We define s(n) to be the vector

with components

+
[Z, (n)-vU A (n)] neT, ,
s,m = (4.3)

0 ngT,

-x (),
w

so that

X, (n+l) = x, (o) + s (n). (4.4
Using (4.2) with a = —Yuwlw(n), we obtain
2
YA, (), s (n)> > st(n)ll
or
2
A, @, s (> < - llsw(n)ll v, - (4.5)

Using (4.4), (3.9) and the assumption (3.10); it is
easy to show that for some A;>0 (independent of Y or n)

_ n-1 X
[xm) - xm)]] <a I8 [lsm)]]. (4.6)
k=1

Furthermore, comparing (3.14) to (3.15) and using
the Lipschitz continuity of 8D13/8FlJ we conclude that

for some constants A2,...,A7 (independent of Y)
“r(x(n)) - A, @] <A, max lg‘;:’(nhf‘lj(n)l
i,j,k

[P 9 @ -rT )| <

i A3 max max
i,3j n=-C<m<n

<8, max ||xm-xm)|] <
n—Cfmfp

<a, max  {f|x@m-xm || + [[xm-xm)|] +
n-C<m<n

+ | [xm-xm ||} <

n-1 n-k n-1

2a; T BT |sm| +a, 2 |lsa ] <
k=1 m=n-C -
n-1 n-k

<A T B [smwl] . 4.7)

k=1

(The second inequality follows from (3.13), the third
from (3.3), the fourth is the triangle inequality, the
fifth uses (4.6).) Using Lipschitz continuity once
more, (4.6) and (4.7) we finally obtain, for some

Aszo (independent of n,Y),

l oD — n n~k
I G -A || <ag T B8 s, (4.8)
W k=1

Using a first order series expansion for D, we
have

D(x(n+1)) < D(X(n)) + <g§—(§(n)) ,sw(n)>+A9Hs(n)|!2 <

w w

IA

D(X(H))+§<Aw(n),sw(n)> + Ag

n-1
L 8™ sl [Ism]]+
k=1

Ay s [ <

| A

s ]?
(4.9)

— A n
pEMm) - =2 [lsm]|? +a. zg"
Y R

(Here, the second inequality was obtained from (4.8);
third from (4.5).) Summing (4.9) for different values

the




of n and rearranging terms we obtain

n A n
DRE+1)) <DGEM) - T [=22-a 1 87 [lsao
k=1 | Y i=k
(4.10)
o Pu
Suppose that Y is small enough so that ﬁ?— - 18 > 0.
Note that D is continuous on a compact set, hence
bounded below. Let n*>® in (4.10) to obtain
> 2
g s <=, (4.11)
k=1
and, in particular, lim ||x(k)-x(k)]|| <A lim [|stx)]f=
0. Let koo ko
aD “+
fw(x) = [xw-Yuw axw ()] - X, (4.12)
9D

(x|

converges to zero. Hence, |]fw(x(n)) - s:(n)ll con-

verges to zero along any integer sequence contained in

T .
w

Using (4.7) we conclude that ][Aw(n) e

Let x* be a limit point of {x(n)}. (At least one
exists because G is compact.) Since s(n)I[ -+ 0 and
since the difference of consecutive elements of Ty is
bounded, x* is also a limit point of {x(n):neTw}. Pick
a subsequence {x(ny)}, ny€T, which converges to x*.
Since s_(ng) kj& 0, we also have f,(x(m)) > O.
Clearly, f,, is continuous, which implies that f (x*)=0.
Since this is true for all w, the sufficient conditions
for optimality are satisfied at x*. Finally, using
(4.10), it is easy to see that D{(x(n)), and hence
D(x(n)), converge; the limit can only be the optimal
value of D.

The last part of the theorem is trivial.
V. CONCLUSIONS . )

Gradient projection algorithms for routing in a
data network converge appropriately even in the face
of substantial asynchronism and even if the time re-
quired for the network to adjust to a change in the
routing policies (settling time) is non-negligible.
While convergence is proved under the assumption that
the input arrival rates r are constant, it is expected
that the algorithm will be able to adjust appropriately
in the face of small variations. If input variations
become substantial, however, and the quasistatic
assumption is violated, a more detailed analysis is
required, incorporating stochastic effects.

Another idealization in our model arises in the
measurement equation (3.12), which assumes that measure-
ments are noiseless. This is a reasonable assumption
if the time average runs over a sufficiently long period
but may be unrealistic otherwise, necessitating again
again a more elaborate stochastic model.

Finally, let us mention an important related class
;Df distributed algorithms. 1In the present model the
nodes measure and broadcast messages with their esti-
mates of the link flows FiJ. Other nodes receive the
broadcasted messages and use them to compute estimates

of the expression 2 (Flj) which is required in the

JF

algorithm. An alternative possibility would be to let,
say node j, to measure directly or compute the value of
3019 i

v—Ig (F7-) and broadcast that value to the other nodes.

JF

For certain special choices of the cost function D2
and under certain assumptions, the partial derivative

aBlJ/aFlJ equals the average delay of a packet traveling
through link (i,j). 1In that case, it is very natural

to assume that this derivative may be measured directly,
without first measuring the flow F1J. Our result may
be easily shown to be valid for this class of algorithms
as well.
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